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Abstract 

In this paper, we define the notion of graph trace kernels as a generalization 
of trace kernels. We associate a microlocal Lefschetz class with a graph trace 
kernel and prove that this class is functorial with respect to the composition 
of kernels. We apply graph trace kernels to the microlocal Lefschetz fixed 
point formula for constructible sheaves. 
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1 Introduction 

In [KS14] . Kashiwara and Schapira introduced the notion of trace kernels and the 
method to associate a microlocal Euler class with a trace kernel. 

Let A be a C'°°-manifold and k he a held. We denote by cjx the dualizing 
complex on X, that is, ux — OTx[dx] where or^ is the orientation sheaf on X and 
dx is the dimension of X. Denote by k^x ^md co^x the direct image of kx and ujx 
respectively under the diagonal embedding 6: X X x X. Let tt: T*X —)■ A be 
the cotangent bundle of A. 
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A trace kernel on X is a triplet {K, u, v) where K is an object of the derived 
category of sheaves D'^(A:xxx) and u,v are morphisms 

u: k^x —t K, v: K —)■ Uax- (1-1) 

One can natnrally dehne the microlocal Enler class fien{K, u, v) as an element of 
Hl{T*X; fihom{kAx,<^Ax)) - Hl{T*X;7r-^uJx), where A = SS(X) nT^^(X x X). 
Kashiwara and Schapira proved the functoriality of the microlocal Euler classes: 
the microlocal Euler class of the composition Ki o K 2 of two trace kernels is the 
composition of the microlocal Euler classes of Ki and K 2 |KS141 Theorem 6.3]. 

On the other hand, microlocal Lefschetz classes of elliptic pairs (Guillermou 
[Gu96j) and Lefschetz cycles of constructible sheaves (Matsui-Takeuchi [MTlOj i were 
introduced in order to prove the microlocal hxed point formula. For elliptic pairs, see 
Schapira-Schneiders |ScSn94j . For recent results on this subject, see also |IMT15j 
and [RTT13j . 

Let us recall the notion of Lefschetz cycles dehned in [MTlOj . Let X be a real 
analytic manifold and 0: X —>■ X be a morphism of manifolds. We denote by 
DK_f.(A;x) the bounded derived category of M-constructible sheaves on X. Denote by 
ur^ the direct image of tox under the graph map : X X x X, x (x,0(x)). 
With a pair (X, $) of F G and G Hom(0“^F, F), one can associate a 

cohomology class /iLe(F, <h, 0) G iL°(F*X; where A := SS(F)nT^^(X x 

X) nTp^(X X X). This class is called the Lefschetz cycle or the microlocal Lefschetz 
class of the pair (F, $). 

The microlocal Lefschetz classes of M-constructible sheaves can be treated in 
the same way as the microlocal Euler classes of trace kernels. Dehne D^F : = 
RJ^ora{F,ux), the dual of F. The pair (F, <h) gives natural morphisms 

kAx —>■ DjfF lEl F—(1.2) 

The composition of the above morphisms dehnes a cohomology class in 
H^{T*X] nhom{kAx)^T^)) — H^{T*X; ^Axi^r^)) and this class coincides with 
^Le(F,4),0). 

In this paper, we extend the notion of trace kernels so that we can treat hxed 
point formulas. Then we associate a microlocal Lefschetz class with such a kernel 
and prove the functoriality of the class. 

For a C'°°-manifold X and a morphism of manifolds 0: X —)■ X, a (p-graph trace 
kernel is a triplet {K, u, v) where K G L)^{kxxx) and u, v are morphisms 

u: kAx —^ K, v: K —> ur^- (1.3) 

One dehnes the microlocal Lefschetz class /xLe(X, n, x, 0) as an element of 
Hl{T*X; /iW(A:Ax,WrJ), where A := SS(X) O T^^(X x X) O Fp*^(X x X). By 
(O, a pair (F, 4)) of F G D^_^(X) and 4) G Hom(0 ^F, F) dehnes a 0-graph trace 
kernel. 

Our main result is the functoriality of microlocal Lefschetz classes: the microlo¬ 
cal Lefschetz class of the composition Ki o K 2 of two graph trace kernels is the 
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composition of microlocal Lefschetz classes of Ki and K 2 (for a more precise state¬ 
ment, see Theorem 14.3p . As an application, we prove the microlocal Lefschetz hxed 
point formula for constructible sheaves. 

Finally, let us explain the difference between our construction and that of |KS14j . 
In the last section of |KS14j . the authors have remarked that trace kernels can be 
adapted to the Lefschetz hxed point formula for constructible sheaves. However, 
their construction is not suitable to prove the functoriality of the cohomology classes. 
Therefore, we extend the notion of trace kernels itself and prove the functoriality by 
using the new framework. 

2 Preliminaries 

2.1 Review on sheaves 

In this paper, all manifolds are assumed to be real manifolds of class C°°. Through¬ 
out this paper, let k he & held of characteristic zero. We follow the notation of 

[KSOH] . 

Let A be a manifold. We denote by nx ■ T*X —)■ X its cotangent bundle. If 
there is no risk of confusion, we simply write n instead of ttx- For a submanifold M 
of X, we denote by T^X the conormal bundle to M. In particular, T^X denotes 
the zero-section of T*X. We also denote by a: T*X —)■ T*X the antipodal map 
dehned by (x; 1 —)■ (x; —^). A set A C T*X is said to be conic if it is invariant by 
the action of M’*' on T*X. 

Let /: X —)■ y be a morphism of manifolds. With / one associates the maps 

T*X X Xy T*Y T*Y 



We denote by kx the constant sheaf on X with stalk k and by D'’(A:x) the 
bounded derived category of sheaves of fc-vector spaces on X. One can dehne 

I ^ 

Grothendieck’s six operations R/*, / , R/i, /', ®, RJYbm as functors of derived cat- 

L 

egories of sheaves. Since the functor • (g) • is exact, we simply write (g) instead of (g). 

kx 

One denotes by ux the dualizing complex on X. That is, if a^: X —)■ pt denotes 
the natural map, set ux '■= ^pt- One also denotes by := RJYbm{uJxjkx) 

the dual of ujx- More generally, for a morphism / : X —)■ R, we denote by ux/y '■ = 
f'ky ~ Ux <8 f~^UY~^ the relative dualizing complex. Note that ux — OTx[dx], 
where or^ is the orientation sheaf on X and dx is the dimension of X. Recall that 
there is a natural morphism of functors 

(^x/Y ^ ^ ( 2 . 1 ) 

We dehne the duality functor by 

DxF ■= R^om{F,ux)- ( 2 . 2 ) 
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For F G □'’(/cx), we denote by Supp(F) the support of F and by SS(F) its 
micro-support, a closed conic involutive subset of T*X. 

For a closed submanifold M oi X, one denotes by hm'- ^ 

Sato’s microlocalization functor along M, where D^+(/c 7 ’^x) is the full subcategory 
of D^{kT^x) consisting of M+-conic objects. We shall use the functor ^hom dehned 
in [KS9n] . For Fi,F 2 G D'’(/cx), one dehnes the bifunctor 

phom: D\kxr x D\kx) ^ 

^hom{Fi, F2) := ^ 1 ^ 2 ), 

where qi and q 2 are the hrst and second projections from X x X and A is the 
diagonal. Note that the support of fihom{Fi, F 2 ) satishes 

Supp(phom(Fi, F 2 )) C SS(Fi) n SS(F 2 ). (2.3) 

Furthermore, we have the isomorphism 

R7r*/i/iom(Fi, F 2 ) ~ ^hom{Fi,F 2 )\x — R.J^om{Fi, F 2 ). (2.4) 

2.2 Compositions of kernels 

We follow the notation of |KS14j . The results in this subsection are the same as 
in Section 3 of |KS14j . For the convenience of the readers, we give proofs of these 
results here. 

Notation 2.1. (i) For a manifold X, we denote by h: X X x X the diagonal 

embedding and by Ax the diagonal set of X x X. 

(ii) Let Xj [i = 1, 2, 3) be manifolds. For short, we write Xij := Xj x Xj, X 123 : = 
Xi X X 2 X X 3 , X 11223 •= X Xi X X 2 X X 2 X X 3 , etc. 

(iii) Let (j)i : Xi ^ Xj [i = 1,2,3) be morphisms of manifolds. We write (pij : = 

(f)i X (f)j . Xij ^ ^ij • 

(iv) For simplicity, we shall write ki instead of kxi and Ui instead of cuxi, etc. We 
also write k^i instead of k^x.- 

(v) We denote by TTj or TTjj, etc. the projection T*Xi —)■ Xj or T*Xij Xij, etc. 

(vi) We use the same symbol qi for the projections X^j —)■ Xj and X 123 —)■ Xj. We 
also denote by qij the projection X 123 —)■ Xij, by pi the projection T*Xij —)■ 
T*Xi, and by pij the projection T*Xi 23 —)■ T*Xij. 

(vii) We denote by pja (resp. pija) the composition of pj (resp. pij) and the antipo¬ 
dal map on T*Xj. 

(viii) We denote by 62 the diagonal embedding X 123 —)• Xi 223 - 

Recall the operations of composition of kernels dehned in |KS14j . 
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Definition 2.2 f |KS 14 ] i. We define the operations of composition of kernels as 
follows: 


o:D^{h 2 )xD^ik 23 )^D^{h 3 ) 

{Ki2, K23) Ki2 ° K23 := R^is! {qi2Ki2 ® q 23 K23) 

— R^? 13 ! ^2 ^{Ki2 KI K23), 

*: D'’(A:i2) X ^ 

(Ki2, K23) ^ K,2 * K23 := Rgi 3 * «> 4(^12 K K23)). 

By ll^-llh we have a natnral morphism 7x1223 ® 4 (')- Combining 

this with the morphism Rq'13! —?• Rq'13*, we obtain a natnral morphism 

Ri2 O K23 —)■ -R12 * ^ 23 - ( 2 - 5 ) 

This is an isomorphism if pl"2a(88(7^12)) fl p^3^(88(R'23)) is proper over T*Xi3. 

We define the composition of kernels on cotangent bnndles. 

Definition 2.3 f [K 814 j b For kernels on cotangent bnndles, we define the compo¬ 
sition of kernels as follows: 

o: □'’(/ct*X12) X D^{kT*X 23 ) D'’(/cr*Xi3) 

(Ri2, -R23) 7^12 o K23 := Rpi 3 1(^32“-^12 ^ P23 ^23)- 

We also define the corresponding operations for snbsets of cotangent bnndles. 
Let A C T*Xi 2 and B C T*X23. We set 

Ax B := pi2<^{A) np^3^(R), 

Ao B ■= ^13(24 X B). 

2 2 

In order to define a composition morphism, we need the following lemma. Let 
X, F, S be manifolds. Let qx - X ^ S and qy ■ Y ^ S he morphisms. Assnme that 

X X5 y is a snbmanifold of X x F. ( 2 . 6 ) 

Let j be an embedding XX5F '^XxF. Noticingthat (Xx5F)X(xxy)R*(XxF) ~ 
T*X Xs T*Y, we have the following morphisms: 

T*{X XsY) i^T*X XsT*Y Ai^T*X xT*Y. ( 2 . 7 ) 

Lemma 2.4. (cf. |K 89 nl Proposition 4 . 4 . 8 ]) For Fi,Gi E D^{kx) and ^2,^2 E 
D*’(A;y), there is a canonical morphism 

Rjd\{phom{Gi,Fi) Kl phom{G2, F2)) phom{j'{Gi Kl G2) ® xgy/xxy’ f ^2). 

( 2 . 8 ) 
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Proof. First, we construct the morphism when S' = pt. By using the morphism 
^m{F) ^ hw(G') —)■ Hmxn{F G) |KS 901 Proposition 4 . 3 . 6 ], we obtain a chain of 
morphisms 


HAx'R-^om{qx2 qx[Fi) K1 ^^2, gYiF’2) 

^ PAxxAY(^^om{qxf^Gi,qx[Fi) K R^om(gY^^G'2, gyiF2)) 

PAxxAY(J^^om{qx2 ^Gi Kl gyg ^G2, gxi^i Kl qYiF2) 

~ IJAxxY^^om{qf^{Gi K G2), qi{Fi K F2)). 

Next, we treat the general case. Using the morphism 

^jd\jf^phom{G, F) iihom{j-G 0 (^%~y\y/xxy^ ( 2 - 9 ) 

from |KS 9 nl Proposition 4 . 4 . 7 ], we obtain a chain of morphisms 

^3d\F^{ldhom{Gi, Fi) K ^hom{G2, F2)) 

Rjddf^phom{Gi K Ga, Fi K Fa) 

^ fihom{f{Gi K ^2) O K F2)). 

□ 

Proposition 2.5 f [KS 14 j ]). ForGi,Fi G D^(A:i2) and G2,F2 G □’’(^23), there is a 
eomposition morphism: 

phom{Gi, Fi) o phom{G2, F2) —)■ phom{Gi * G2, Fi o F2). ( 2 - 10 ) 

Proof. We shall apply Lemma 12.41 for X12 —)■ X2 and X23 —)■ X2. In this case, 
W12 Xxa -^23 — W123 and j is the diagonal embedding X123 ^ Wi223. Consider the 
following commutative diagram: 


r*W2 X T*X23 X T*X2 X T*X3 




T*Xi 2 Xx 2 T*X 23 


Jd 

T*X 


I idx( 5 xid 

■T*Xi X T^^X22 X T*X3 
p 


<n 3 d 


123 


T*Xi X X 2 X T*X 3 

913 TT 


P13 


T*X 


13 


where S is dehned by (aia;^) '-t (2^2, a^a; -6,6)- 
By Lemma 12.41 we get a morphism 

Rjdijf^{iahom{Gi, Fi) K iahom{G2, Fa)) 

^ phomifiGi K Ga) 0 K Fa)). (2.11) 


6 



















Set G := j!(Gi S G 2 ) ® ^ and F := rH^i ® F^) ^ ^^{^ 2 :^). 

Combining fl2.1ip with the morphism 

R^TTifed V^om(G, F) ///mm(Rgi3^G, RgisiR) (2.12) 

from |KS90l Proposition 4.4.7], we get a morphism 

Rgi3,r!?i3d Fi) M fihom{G2, F 2 )) fihom{Rqi3^G, Rqis^F) 

~ nhomiGi * Go, Fi o Fo). 

2 2 

By the above commntative diagram, we have 

^ Rgi 3 ^,Rp!r^i“^ 

~ Rgi3^,Rp!(id X 5 X id)!(pi2a,P23)“^ 

~ Rpi3!(Pl2“,P23)"^- 

Thns, the result follows from the isomorphisms 

R9i3,r!?i3d ^(/«^om(Gi, Fi) K ^hom{G2, F 2 )) 

~ Rpi3,(pi2«,P23)"^(h^om(Gi,Fi) M ^hom{G2, F 2 )) 

— Rpi3!(pr2V^om(Gi, Fi) (g) p^^fihom{G2, F 2 )). 


□ 


3 Definition of graph trace kernels 

3.1 Microlocal homology associated with morphisms 

Let X be a manifold and 0: X —)■ X be a morphism of manifolds. We shall identify 
X with the diagonal Ax of X x X and write A instead of Ax if there is no risk of 
confusion. We shall also identify T*X with T^(X x X) by means of the map 

^T*{X xX), (x;0^(FFfy-0- (3-1) 

We denote by = (idx, 0): X X x X the graph map of (p and by P^ = 5^{X) 
the graph of 0. Set kr^ := {5^)^kx, := (5,/,)*a;x and := In the 

case 0 = idx, we shall write 5 for 5^ and /ca for /cr^, etc. 

Definition 3.1. Let A be a closed conic subset of T*X. We set 

(i) := RPA((5T*x)“V^c>m(/i:A,a;r^), 

(ii) MHa(0) := RP(T*X;.^^a(0)), 

(hi) Me)((0) := F”(MHa(0)). 

Let (pi'. Xi —)■ Xj {i = 1,2,3) be morphisms of manifolds. We write Aj for 
Axi C Xu, etc. 
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Lemma 3.2. We have natural morphisms: 


(ii) A:ai3 ^ ^Ai 2 * K ^Aa)- 

Proof. We denote by S 22 the diagonal embedding X 112233 ^ ^ 11222233 - 

(i) We have morphisms 

'^'".#,12 2°2 ^ ^ R''?ii33!^^2^(wr^j ^ ^ Kl 

- R9ii33!(wr^j 

(ii) The proof is the same as that of |KS14l Lemma 4.3]. □ 

Proposition 3.3. We have a natural composition morphism 

^hom{k^^^ , ) o fihomikA^s , ^ phomik^.^ , ). (3.2) 

Proof. We have the following isomorphisms: 

fihom{kA 23 ,(^r^^J ^ fihom{{ujf~^ K1 /C 233 ) ® fcA 23 , ® ^ 233 ) ® 

~ Hhom{uff^ K ^A 3 , ® ^^ 3 )' 

Applying Proposition 12.51 and Lemma 13.21 we get a chain of morphisms 
^ihom{kA,^, ) o phom^kA^^ , ) 

- hhom{kA^2,ujT^J I phom{u:ff^ S ^Aa, ® ^Wa) 

^ phom{kA,^ * (w|;^ K kA3),uJr^^^ o {kr^^ K a;r^3)) 

^ phom{kA, 3 ,u)r^J. 

□ 

Corollary 3.4. Let Aij be a closed conic subset ofT*Xij {ij = 12,23) and assume 
that 

Ai2 X A23 -)■ T*Xi 3 is proper. ( 3 . 3 ) 

2 

Set Ai3 := Ai2 o A23 n (h^»jf33)“^(Tp^^^Xi3i3). The composition of kernels induces a 
morphism 

o: M]HIaj2(0i2) ® M]HIa23(^23) M]HIai3(0i3)- (3-4) 

In particular, a cohomology class A G M]H[°^2(*?^i2) defines a morphism 

A o: M]HIa 23 (^ 23 ) h4[mAi3(0i3)- 
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Proof. Noticing that 

MHaj2(0i2) ^ RTs^^^^^A,^{T*Xu22;f^hom{kAi2,^r^^J), (3.6) 

MHa 23(023) ^ Rr5a,^^^A23(r*^2233; fihomikA^^, ujr^^j), (3.7) 

we obtain a chain of morphisms 

ME[ai2(^12) ®ME[a23(^23) 

(^*^ 1133 ; fihom{kA,, , ) o ^hom{kA,, , a;r,,3)) 

^^^'57*xi3^i3(^*^ii33;h^om(A;Ai3,^^r^j3)) 

~M]H[ai3(013)- 

Here, the hrst morphism comes from the assumption fl3.3p and the second one is 
given by Proposition 13.31 □ 

3.2 Microlocal Lefschetz classes of graph trace kernels 

Let (p: X ^ X he & morphism of manifolds. 

Definition 3.5. A f-graph trace kernel {K,u,v) is the data of iP G D^{kxxx) 
together with morphisms 

kx^K and K ^ ur^. (3.8) 

In particular, the original trace kernels dehned in [KS14] are idx-graph trace 
kernels. If there is no risk of confusion, we simply write K instead of {K,u,v). 

For a 0-graph trace kernel K, we set 

sSa,^(77) : = ss(a:) n r^(x X A) n Tf^{x x x) 

= {Sf,x)-\SS{K)nTf^{XxX)). 

Definition 3.6. Let {K, u, v) be a 0-graph trace kernel. 

(i) The morphism u dehnes an element u in phom{kA, K)). 

The microlocal Lefschetz class /xLe(Ar, 0) G iLgg^ /ihom(A:A, wr^)) 

of K is the image of u under the morphism nhomifvA, K) fj,hom{kA,u}r^) 
associated with v. 

(ii) Let A C T*X be a closed conic subset containing SSa,(/)(A). We denote by 
^LeA(A, 0) the image of u in H^{T*X] jahomikA, a;r^)). 

Therefore, we have 

/iLeA(A,0) G MH°(0). (3.9) 

If there is no risk of confusion, we simply write /LtLe(A', 0) instead of //LeA(A, 0). 
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We denote by Le(iC, 0) the restriction of ^Le(A', 0) to zero-section X of T*X 
and call it the Lefschetz class of K. Note that 

^lhom{kA,(^T^)\{XxX) ^ 

~ (h0)*R=^om(A:(5^)-i(A),n;x) 

~ (h0)*RrM(i^x), 

where M := {x G X;0(x) = x} is the hxed point set of 0. Since RrM(<^x) — 
we have 

Le(K,0)Gif^(X;a;x). (3.10) 


Graph trace kernels for constructible sheaves. Denote by D)?^(Rrx) the fnll tri- 
angnlated snbcategory of □'’(/cx) consisting of cohomologically constructible sheaves 
(see [KSOOl Section 3.4]). 

Lemma 3.7. Let F G D^^{kx) and <h: (j)~^F F be a morphism in D])^(fcx). There 
exist natural morphisms in D]?^(A;xxx) 

kx —^ T)xF Kl F, (3.11) 

DxF Kl F — y (3.12) 

In other words, a pair (R, $) of an object F G D]?j,(/i:x) and a morphism 
$: (j)~^F —)■ F defines naturally a fi-graph trace kernel. 

Proof, (i) The morphism idir induces a morphism 

kx ^RJ^om{F,F) z^6-{DxFmF). (3.13) 

Hence, fl3.1ip is obtained by adjunction. 

(ii) Noticing that 6 f^(DxF Kl F) ~ D^F <8 f>~^F, we have a chain of morphisms 

5f^{Y)xF^F) ^F)xF ® F ^ ujx- (3.14) 

Therefore, fl3.12p is obtained by adjunction. □ 

We denote by TK<j(,(F, 4)) the (^-graph trace kernel associated with the pair (F, 4>) 
of F G Dj]’(,(A:x) and 4); 0“^F —)■ F. The graph trace kernel dehnes a microlocal 
Lefschetz class pLe(TK<^(F, 4)), 0). We also denote this class by pLe(F, 4>,0). Note 
that this construction coincides with that of Lefschetz cycles in [MTlOj . 

Graph trace kernels over one point. Let X = pt. In this case, a (graph) trace 
kernel {K, u, v) is the data of X G D^{k) and morphisms 

k^K ^k. (3.15) 

The (microlocal) Lefschetz class Le(X) of K is the image of 1 G under the mor¬ 
phism vu. 
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Let us denote by D'j{k) the full triangulated subcategory of D’’(A:) consisting of 
objects with hnite-dimensional cohomology. Let V G 0^{k) and f:V —)■ Id be a 
A:-hnear map. Set K ■= V* ®V where V* := RHom(l/, k). Let u be the dual of the 
trace morphism V®V* ^ k and v be the composition of idy*< 8 )/: V*®V —)■ V*®V 
and the trace morphism. Then 

Le(R* ® R) = tr(/) ;= tr(//^>(/)). (3.16) 

pGZ 


4 Main results 


4.1 Compositions of microlocal Lefschetz classes 

Let Xi,X 2 ,X 3 be manifolds and (pi: Xi —)■ Xi [i = 1,2,3) be morphisms. For 
ij = 12, 23, let Kij be a ^jj-graph trace kernel. 

Lemma 4.1. There are natural morphisms 


A',2 o -fi.'r,.,, (4.1) 

^ A'i 2 » H fcA,). (4.2) 

Proof, (i) By Lemma [3.21 (i), we have a morphism 

Composing it with the morphism K 12 —)■ we get fl4.1l) . 

(ii) By Lemma [ 3.21 (ii), we have a morphism 

fcA„^fcA„»p<-'HA,A.). (4.4) 

Composing it with the morphism A:ai 2 -^ 12 , we get the morphism fl4.2p . □ 


Let A 1122 C r*Xii 22 be a closed conic subset containing SS(iFi 2 ) and A 23 be a 
closed conic subset of T*X 2 z- Assume that 


Set 


A 


1122 X htf 
22 


'T*X23^23 


-)■ T*Xii 33 is proper. 


(4.5) 


Ai 2 A1122 n T'ai 2"^1122 n Tp_^^^Xii22, 

A1133 := (A1122 n rr^^^Xii22) 5 f,x 23 -^'^ 3 , 

Ai3 := A 1133 n r^^gXii33 n rp_^^^Xii33 

= Ai2oA23n(5^;,^3)-^(Tr;^^Xi3). 

We dehne a map 

^Ki2 - MH[a23(^23) M]H[ai3(013) (4.6) 
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by the chain of morphisms 
MEIa 23 (fe) 

- Rh S-, A23 iT*X2233 ; phom( A:a 23 > )) 

^ Rr5a^_^^^A23(^*-^2233; fihom{ujf~^ K ^As,^^r^3 )) 

^ RrAn33(R*^ii33;phom(it'i2,wr^^J o^lJ,hom{u!%~^MkA3,kr^^ ^^r^g)) 

^ RrAn33(^*^ii33;phom(R'i2 K1 /cA3),wr^^2 {kr^^ ^‘^r^g))) 

^ ^'^s-,^^^Ai3iT*Xii33;nhom{kAi3,uJr^^^)) ^ MllAig((/)i3)- 
The hrst morphism is given by v : K 12 —?• as follows: 

^^^t*x23^23 {T*X2233'i ^J■hom{F, G)) 

RrAii 22 nT* Xii 22 (^*-^ii 22 ;phom(if,a;r^ )) ^Rh^o ^ {T*X2233',k-hom{F,G)) 

Gi2 2 2^23 

^ RrAn33(^*^ii33;phom(R:i2,a;r^^J o^phom(F,G)). 

Here, we set F := Kl k^s, G := Kl ojy^^, and K := K 12 for simplicity, and 
use fl4.5p . The second morphism comes from Proposition 12.51 and the last one is 
induced by the morphisms in Lemma 13.21 and Lemma 14.11 

Lemma 4.2. In the situation as above, we have 

= hLe(A'i2, 012 ) 0 : M]H[a 23(023) M]H[Aig(0i3), (4.7) 

where the right hand side is the map given by Corollary [SAi 

Proof. Consider the following commutative diagram, where we use the same notation 
as above: F := Wa0^ ^ ^A 3 ) G := k^^^ Kl and K := K 12 . 

RrA“.j^^^A 23 {F*X2233', ghom{F, G)) 



RrAii33(r*^ii33;y/iom(fcAi2,a;r^,J o^ghom{F,G)) 



RrAn33 {T^Xnss; ^hom{K, ) | uhom{F, G)) 

>’ RrAii 33 ( 7 ^*^ 1133 ; ghomikA,,, * F, o G)) 



RrAii33(T*Xn33; ghom{K F, o G)). 

By using the morphisms in Lemma 13.21 we get a morphism 

w: RrAii33(r*Xii33; phom{kA ,2 F, o G)) 

-A- Xii33-, phom{kAi3, . (4.8) 
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By construction, the morphism $^12 is obtained as the composition of a, b, c, and 
w. On the other hand, the morphism pLe(A'i2, 012)° is obtained as the composition 

of d, e, and w. Hence, the result follows from the commutativity of the above 
diagram. □ 

For ij = 12,23, let A^jj C T*Xiijj be a closed conic subset containing SS(if’jj). 
Assume that 


a 

A1122 X A2233 -t T*Xii 33 is proper. ( 4 . 9 ) 

22 

Set A1133 = A1122 o A2233 and Ai 3 = A1133 0 X1133 O Tp -A1133. 

Theorem 4.3. Let Kij be a (pij-graph trace kernel with SS(iFjj) C Anjj. Assume 
that fl4.9p holds and set K 23 := Kl ^233) ® K 23 . Then the following hold. 

(i) The object K 12 K 23 is a (j)i 3 -graph trace kernel. 

(ii) We have pLe{Ki 2 o ^23,013) = /iLe(A'i2, ^12) ° A^Le(A'23, ^23) as an element 

0fMElJcP33)- 

Proof, (i) Tensoring the sequence 


-^23 a;r^23 (4-10) 

with Kl ^233, we get a sequence 

i^A2 ^ ® K 23 kr^^ Kl . (4-11) 

Combining this with Lemma [4.11 we have the sequences 

^ K 32 * K A:a 3) ^ i^i2 * K 23 (4.12) 

and 

Ki2 K 23 Ki2 (fcr^^ Kl wr^g) -t ■ (4-13) 

By the assumption fl4.9p . we have an isomorphism 

a: ^12 K 23 Ki 2 K 23 . (4-14) 

Using fi4.i2p - fi4.i4p . we get that Ku K 23 is a (/)i3-graph trace kernel. 

(ii) By Proposition 12.51 under the assumption fl4.9p . idi^^j and idj^^g dehne a mor¬ 
phism 

j3'. Ki 2 * K 23 —)■ Ki 2 o K 23 . (4.15) 

22 22 

This morphism is the inverse of the morphism a of fl4.14p . 
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Now let us consider the following commutative diagram: 


^ Ai 3 ^ ^ ^ Aa ) -^ ■^^12 ^ ^ ^'^< I >12 22 ^ '^^■'’3 ^ 

Ki2 K 23 

By the graph trace kernel structure of Ku ^ K 23 , the composition of the bottom 

arrows and 7 : o {kr^^ K ujr^j defines ^Le(i^i 2 Kas^ia)- By the 

construction of the map ^Ki 2 ^ the composition of the top arrows and 7 defines 
$i^^ 2 (y^Le(iC 23 , 023))- Hence, the result follows from Lemma W?2\ □ 



4.2 Operations on microlocal Lefschetz classes 


Let Xi and X 2 be manifolds and : Xi —)■ Xi and 02 : X 2 —)■ X 2 be morphisms of 
manifolds. For z = 1,2, let Ki be a 0i-graph trace kernel and let be a closed 
conic subset of T*Xii with SS(A'j) C Ka. 

Let f: Xi ^ X 2 he & morphism of manifolds. Assume that 020 = f4’i, that is, 
the diagram 

Xi^a:2 


01 


02 




/ 


a :2 


commutes. Since Fj C (0i2) we have a natural morphism 


$: ( 012 ) ^krf —)■ kr^. 


(4.16) 


Then the pair (fcr^,<F) dehnes naturally a 0 i 2 -graph trace kernel TK^^ 2 (A;r^, <F) by 
Lemma 13.71 

Set / := / X / : Xn —)■ X 22 . We identify X 1212 with X 1122 . Then we have 


(n;f-' K ^ 122 ) 0 TK<^,2(^r,, $) ^ ^ A:i22) ® ur, K kr^ 

~ kr-. 
f 


We also note that 


R/, ATi ~ ATi o kr- 

11 / 


/ 


-1 


K 2 ^ kr- o K 2 . 
f 22 


(4.17) 


External product. Let X 2 = pt. We then write X 2 instead of X 3 . For z = 1, 2, let 
Aj be a closed conic subset of T*Xi. In this case, we have the composition morphism 

M]HIaj(0i) (g) M]H[a2(02) M]H[aixA 2 (<?^'i 2 )- (4.18) 
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Taking the 0-th cohomology, we have a morphism 

® ^ (4.19) 

In this case, we shall denote by Ai x A 2 instead of Ai o A 2 . 

Set 


(^ = l,2). (4.20) 

Then by Theorem 14.31 we obtain the following. 

Proposition 4.4. The object Ki ^ K 2 is a cl)i 2 -graph trace kernel and 

fiLe{Ki KI K 2 , (P 12 ) = /uLe(iri, 0i) x iaLe{K 2 , ^ 2 ). (4.21) 

Direct image. Let Xi = pt. We then write instead of X 2 ,Xs. Let Ai C 

T*Xi be a closed conic subset. Assume that 

/ is proper on Ai n Tx^Xi. (4.22) 


We set 


and 




ti,4>i^4>2 (-^1 


Aiorr;W 2 n(h“*^J-i(Tr;^X 22 ) 

n (h^*xJ"'(T4^22) c t*X 2 , 


:= opLe(/cr,, <!>, <^' 12 ): Me°^(0i) ^ (4.23) 

Proposition 4.5. Assume that f is proper on An fl and set Ai := An fl 

T^iXn. Then the object R/i Ki is a (j) 2 -graph trace kernel and 

nLe{RfiKi,(j)2) = ^, 0 i^<^ 2 (/iLe(Xi,^i)). (4.24) 


Proof. The assumption implies that An x Tp Wn 22 T*X 22 is proper. By Theorem 

14.31 Ki o (cjf”^ KI A:i22) < 8 ) TK<A^ 2 (A:r„ $) ~ Xi o kr- — Rf\Ki is a (^ 2 -graph trace 
kernel and we have 

ljLe{RfrKi, 02) = pLe{Ki, 0i) o pLe(/i;r^, <h, (pu). (4.25) 

□ 


Inverse image. Let X 3 = pt. Let A 2 C T*X 2 be a closed conic subset. Assume 
that 


/ is non-characteristic for A 2 . 


We set 

: = T^,X,2 S A2 n ( 4 .x.)-‘(rry .All) 

= fjpi^ 2 ) n A’li) C T-Ai, 

and 

^Le(fcrn4>, 012)0: MH°^(02) ^ 


(4.26) 


(4.27) 
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Proposition 4.6. Assume that f is non-characteristic for A 22 and set A 2 := A 22 H 
2a2"^22- Then the object {uxxixi ^ ^ 1 ) ® a (fi-graph trace kernel and 

fiLe{{ux,/x, K h) ® 7-'i^2>i) = r’^^^‘^n/^Le(K2>2)). (4.28) 

a 

Proof. The assumption implies that Tp_Xii 22 x A 22 —t T*Xii is proper. By Theorem 

f 22 

14.31 TK^^ 2 (^r/, 4)) ^ Kl /C 2 ) 0 ^2 is a 0i-graph trace kernel. Here, we have 

isomorphisms 

TK<^,2(^r,, <h) o K k2) 0 i^2 ^ (wi K ki) 0 {kr^ o K ^^ 2 ) 0 K 2 ) 

~ (wi K ki) 0 K k2) 0 a:2 ) 

~ (wi KI ki) 0 {f~^uf~^ K f~^k2) 0 f~^K2 
- (a^Xi/X2 ^ fci) ® r^K2. 

Applying Theorem 14.31 again, we have 


pLLe{{uJXi/X2^ki)® f ^A'2,0i) = hLe(/i;r^,4),0i2) opLe(A'2,02). (4.29) 

□ 

Tensor prodnct. Let Xi = X2 = X and <f>i = 4>2 = 4>- For i = 1,2, let Ki he 
a 0-graph trace kernel and An G T*{X x X) he a. closed conic subset satisfying 
SS(iLj) C An. Assume that 

AnnA“2CT*,;,(XxX), (4.30) 

and set 

A, :=A,,nTl(XxX) (^ = l,2). (4.31) 

Recall that for a morphism f: X ^ Y, we set f := f x f: X x X ^ Y x Y. Since 
(pd = 6(p, we have a morphism 

^ (4.32) 

Composing it with the morphism of external product 

X : MMl (0) 0 MH° ^ (0) ^ MH° ^ (0), (4.33) 

we get a convolution morphism 

Me°^(0) 0 MH°^(0) ^ MeO^+^^(0). (4.34) 

Proposition 4.7. Assume that fl4.30p holds. Then the object (a;®“^KA:x)0Xi 0 X 2 
is a (p-graph trace kernel and 

//Le((a;®“^ K kx) 0 ATi 0 ^ 2 , 0) = /iLe(A'i, 0) ★ /iLe(Ar 2 , 0). (4.35) 

Proof. Since we regard S: X x X -^XxXxXxX as the map {xi,X2) 


{xi,X2,xi,X2), we have 6 ^{Ki K K2) ~ Xi 0 K2. The assumption implies 6 is 
non-characteristic for Ai x A 2 . Thus, the result follows from Proposition 14.41 and 
SSI since uxjxxx ^ ajx~^- □ 
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4.3 Application to Lefschetz fixed point formula for con- 
structible sheaves 

Let X be a real analytic manifold and (l)x: X ^ X he a. morphism of manifolds. 
We denote by D^_^(A:x) the full triangulated subcategory of D^(fcx) consisting of 
R-constructible complexes. Since M-constructible complexes are cohomologically 
constructible, a pair (F, $) of an object F G D^_^(kx) and a morphism $: (px^F —)■ F 
gives naturally a ^x-graph trace kernel TK^^{F, $). 

Let Y be another real analytic manifold and (py'-Y —)■ F be a morphism. Let 
/: X —)■ y be a morphism of manifolds which satishes (pyf = f4'x- Then we have 
a natural morphism 

(py^Rf^F -)■ (pY^Rf^R(px^(px^F 

4 cPy^R<PyM,F 

^ R/.F. 

We denote this morphism by R/*<h. 

Proposition 4.8. Assume that f is proper on Supp(F). Then 

/iLe(R/*F, R/*<h, (py) = (/iLe(F, $, (px)). (4.36) 

Proof. By assumption, R/*F G D^ ^(/cy). Hence, the pair (R/*F, R/*<h) gives a 
^y-trace kernel (R/*F, R/*<h). Then we have an isomorphism 

TK^^(R/*F,R/,4>) ~ R^TK^^(F,<h). (4.37) 

Hence, by Proposition 14.51 

/iLe(R/*F, R/*<h, (py) = pLe(R^TK^_,^(F, ^),(py) 

= A, 0 x^<^y(hLe(F, $, (px)). 

□ 


Note that the above formula is similar to that of [MTlOj . 

Applying Proposition 14.81 for H = pt and the natural morphism / = a; X —)■ pt, 
we obtain 

Corollary 4.9. Assume that Supp(F) is compact. Then 

tr(F, $) = a^(pLe(F, $, (px)), (4.38) 

where the left hand side is defined by 

tr(F, <h) ;= ^(-l)nr (^HP{X- F) HP{X- (ff^^F) 4 HP{X- F)) . (4.39) 

P&, 
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